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Abstract. Rayleigh wave or ground roll is a noise in seismic body waves. 
However, how to use this noise for soil characterization is very interesting since 
Rayleigh wave phase velocity is a function of compression-wave velocity, shear-
wave velocity, density and layer thickness. In layered-medium Rayleigh wave 
velocity also depends on wavelength or frequency, and this phenomenon is 
called dispersion. Inversion procedure to get shear-wave velocity profile needs a 
priori information about the solution of the problem to limit the unknown 
parameters. The Lagrange multiplier method was used to solve the constrained 
optimization problems or well known as a smoothing parameter in inversion 
problems. The advantage of our inversion procedure is that it can guarantee the 
convergence of solution even though the field data is incomplete, insufficient, 
and inconsistent. The addition of smoothing parameter can reduce the time to 
converge.  Beside numerical stability, the statistical stability is also involved in 
inversion procedure. In field experiment we extracted ground roll data from 
seismic refraction record. The dispersion curves had been constructed by 
applying f-k analysis and f-k dip filtering. The dispersion curves show the 
dependence of Rayleigh wave phase velocities in layered media to frequency. 
The synthetic models also demonstrate the stability and the speed of inversion 
procedure.  
1 Introduction 
Seismic methods in geophysical exploration basically take a wave velocity as 
unknown parameter. Once we have the information of wave velocity through a 
material, we should determine elastic properties of materials for purpose of 
geotechnical or environmental studies. The seismic methods have been 
developed for many years, such as seismic refraction methods, reflection 
methods, seismic borehole methods, and seismic tomography methods (Kaneko 
et al., 1990). There are two main types of wave velocity which are discovered in 
seismic methods, compressional-wave and shear-wave velocities. Many efforts 
are spent to relate shear-wave and compressional wave velocities with the 
elastic properties of material.  
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Another method which comes up in nowadays is seismic surface-waves, 
including Rayleigh-wave (e.g Mokhtar et al., 1988). Rayleigh wave is a kind of 
surface waves which travels along free-surface and is a result of interference of 
compressional and shear waves. Particle of this wave moves in a retrograde 
elliptical way and its amplitude decreases according to depth (Sheriff and 
Geldart, 1995; Rikitake et al., 1987). Basically we can extract Rayleigh waves 
into two kinds of wave which are compressional and shear-vertical waves. This 
fact gives the idea of using Rayleigh wave in geophysical exploration to 
estimate both compressional and shear wave velocities. However how to pick 
Rayleigh wave data from deeper layer is more difficult than body waves. 
Jones (1962) firstly implemented this method for measuring the thickness and 
elastic properties of roads. He conducted the forward modelling and simplified 
the equation for lowest half-space liquid. Nazarian and Stokoe (1983) presented 
the acquisition data of Rayleigh wave, called Spectral Analysis of Surface 
Waves (SASW), using two geophones along a straight line. Following the 
SASW method, multichannel record had also been proposed by Park et al 
(1999) and Foti (2000). In this paper, we will give a brief overview explanation 
about how to use Rayleigh wave in geophysical exploration. 
2 Characteristic Equation of Rayleigh-waves 
In a semi-infinite medium, Rayleigh wave is not dispersive. It means that it does 
not depend on frequency or wavelength. Sheriff and Geldart (1995) showed that 
the velocity of Rayleigh waves is approximately 0.919β (where β is shear wave 
velocity) for a Poisson’s ratio of 0.25.  
The mathematical formula of Rayleigh waves in layered media is more 
complicated. Ewing et al (1957) provided the derivation of Rayleigh wave 
propagation and presented a matrix 4n-2 order for n-th layered system. This 
matrix method is not recommended in computation because of its large order. 
Thomson (1950, op cit. Aki and Richards, 1980) and Haskell (1953, op cit. Aki 
and Richards, 1980) presented more simplified matrix to solve this problem, 
called propagator matrix method. They made an assumption that the vertical 
heterogeneous media are made of a stack of homogeneous layers lying above 
semi-infinite medium. This kind of matrix is to solve the eigenvalue-
eigenvector problem of first differential wave equation as follows (Aki and 
Richards, 1980):  
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where ζ(z) = 4µ(z)[λ(z) + µ(z)] / [λ(z) + 2µ(z)], µ(z) and λ(z) are Lame’s 
constants as a function of depth, ρ(z) is density as a function of depth, k is 
wavenumber, and ω is angular frequency. (r1, r2, r3, r4) is motion-stress vector.  
Equation (1) has the solution: 
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where (P, S, P, S) is displacement amplitude of P- and S-wave and F is a matrix 
which is made up from eigenvectors of equation (1) multiplied by the diagonal 
matrix containing the vertical phase factors (Aki and Richards, 1980). 
Using the propagator matrix to solve the equation (2), we can relate the 
amplitude of different wave-types in the lowermost half-space to the motion-
stress vector at the free-surface: 
wn+1 = Fn+1-1P(z,z0)r(z0) = Br(z0)                      (3) 
where P(z,z0) is the propagator matrix and B is matrix 4th order consisting of 
propagator matrix time F. Thus the eigenvalue of matrix B is given by (Aki and 
Richards, 1980): 
0
BB
BB
4241
3231 =              (4) 
Equation (4) is known as the characteristic equation of Rayleigh wave or  
dispersion equation of Rayleigh wave which can be written as a non-linear, 
implicit form: 
f [α(z), β(z), ρ(z), fj, cj] = 0           (5) 
where α(z) is compressional wave velocity, β(z) is shear wave velocity, ρ(z) is 
density and all parameters above are a function of depth. fj is frequency, and cj 
is Rayleigh wave phase velocity at frequency fj (j = 1,2,3 ….,n). We will solve 
this equation only for single layer and two layers system lying on semi-infinite 
medium. 
3 Forward Modelling : Dispersion Curves Construction 
Since the dispersion equation (equation 5) is a function of frequency, we can 
construct the dispersion curves of Rayleigh wave. Given the parameter α, β, ρ, 
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and H, the Rayleigh wave phase velocity can be constructed in a frequency 
range. We present here only in a fundamental mode. To find the root of 
dispersion equation, we use a simple bisection method (Chapra and Canale, 
1998) and define the range where the roots exist. 
Given parameters for first layer β1 = 300 m/s, α1 = 560 m/s, ρ1 = 1 g/cm3, and 
for semi-infinite layer β2 = 500 m/s, α2 = 935 m/s, ρ2 = 1 g/cm3, and layer 
thickness H = 5 m, the dispersion curves can be seen in Figure 1.  
 
Figure 1   Dispersion curves for two-layer model. 
It is seen that the dispersion curve has two asymtots in low and high frequencies 
which define that the range of Rayleigh wave phase velocity will not exhibit the 
shear wave velocity in each layer.  Similar dispersion curve has been found  in a  
 
Figure 2   Dispersion curve for a three-layer model. 
three-layer model (Figure 2). Consider three-layer model with the parameters of  
1st layer are β1 = 300 m/s, α1 = 560 m/s, ρ1 = 1.8 g/cm3, the parameters of 2nd 
layer are β2 = 400 m/s, α2 = 750 m/s, ρ2 = 1.8 g/cm3, the parameter of semi-
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infinite layer are β3 = 500 m/s, α3 = 935 m/s, ρ3 = 1.8 g/cm3, and layer thickness 
H1 = 3 m and H2 = 3 m, the dispersion curve is shown in Figure 2. 
4 Inversion Procedure 
The inversion produre basically estimates the shear wave velocity from 
dispersion curve (furthermore see Xia et al., 1999). It is often ill-posed or 
unstable, especially non-linear problems such as Rayleigh wave inversion. To 
solve this problem, adding a priori information about the solution of the 
problem is important to limit the unknown parameters. A smoothing parameter 
is also used to guarantee the inversion procedure to converge. This method is 
related to the Lagrange multiplier method to solve the constrained optimization 
problems.  
To incorporate the priori information to the problems, the necessary 
constraining equation may be developed in the form hDm = , where Dpxp is an 
operator matrix that operates on the p parameter, m to yield or preserve the 
priori information data contained in vector h . If there is no informative a priori 
information, vector h  is set equal to zero. Mathematically, we wish to minimize 
the Lagrangian function: (Meju, 1994) 
DβDβWf(βWcWf(βWc TTTL µ)())( +−−=                                (6) 
Because the problem is incomplete, insufficient, and inconsistent field data, we 
find the smoothest as judged by the measure  amongst all possible 
solutions with residual |c-f(β)|
DβDβ TT
2 (Meju, 1994). So we can guarantee the 
convergence of solution. Then, the solution for the parameter correction is: 
0212 )()(())()(( DβDWyW.JDDW.JW.J TTTT µµβ βββ −+=∆ −   (7) 
where Jβ is the Jacobian matrix which respect to shear-wave velocity parameter 
(β),  is the vector of shear wave velocity, y is the difference between 
observational data and model data, µ is smoothing parameter, W is weighting 
matrix which consists of standard deviation of observational data. D is a 
smoothness matrix defined by (Meju, 1994): 
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The stability of the inversion procedure is achieved by incorporating constrains 
on parameters and smoothness factor.  
The standard deviation of data mode can be derived from square root of 
diagonal elements of parameter covariance matrix of the last iteration with the 
following relationship (Meju, 1994): 
1212 )()()( −− ++= DDWJWJWJWJDDWJWJ TTTTTTTTCov µµβ ββββββ
(8) 
 
 
 
Figure 4   Inversion result for two-layer model. 
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5 Synthetic Models 
The inversion algorithm above has been applied using synthetic models 
and only shear-wave velocity was involved in jacobian matrix. For two-
layer model with first layer thickness 5 m, we set the shear wave velocity 
for the case with weathered zone whose the shear wave velocities are 250 
m/s and 500 m/s. With correct initial values, we have one iteration to 
reduce the rms error from 3.0 to 0.4 (Figure 4). 
For three-layer model with β1 = 300 m/s, β2 = 400 m/s, β3 = 500 m/s, and 
layer thickness H1 = 3m, H2 = 3m, the rms error reduced from 6.3 to 0.02 
after four iterations (Figure 5). The initial value was set to be 25% of the 
model value. 
 
 
 
Figure 5   Inversion result for a three-layer model. 
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6 Field Experiment 
The synthetic model has been implemented in the field experiment. Surface-
wave data were acquired using the conventional refraction seismic method in 
Dago Pakar Resort, northern Bandung, West Java, Indonesia on March, 2002. 
There were two layers of soil, weathering zone and volcanic breccia, which can 
be seen on the side of the hill-slope.  
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Figure 6   Ground roll after dip filtering (near offset 10 m). 
Hammer was used as an energy source in refraction seismic method. 24 vertical 
geophones available on Geophysical Engineering Department, ITB, were 
arranged with 2 m intervals, with near-offset 10 m. For comparing the result 
from refraction method, we also conducted a downhole method. 9 vertical 
geophones were arranged on the side of the slope hill with 0.5 m interval. To 
get the shear waves, we change the direction of hitting parallel to the soil 
surface (Kaneko et al., 1990). The field data, which is in time-domain, must be 
converted to frequency domain (f-k spectrum) to construct dispersion curves. In 
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f-k spectrum we could separate the ground roll from the signal with dip filtering 
(Yilmaz, 1987). Figure 6 shows only groundroll after dip filtering in time-offset 
curve (left panel) and in f-k spectrum (right panel). From f-k spectrum we can 
construct the dispersion curve (Figure 7). We can see that the dominant 
frequency of groundroll is about 30 Hz and cannot expect the existence of it in 
frequency range below 20 Hz.   
 
Figure 7   The dispersion curves from field experiment. 
From the result of our field experiment, it was impossible to invert the 
dispersion curve, but at least we can conduct a numerical simulation from the 
field experiment data. 
0
2
4
6
8
10
1 3 5 7 9 11 13 15 17 19 21 23
offset (m)
de
pt
h 
(m
)
 
α1 = 428.5 m/s 
α2 = 715 m/s 
Figure 8   Depth and Velocity Profile from Seismic Refraction. 
Seismic refraction result gave us the compressional waves velocities of each 
layer that are α1 = 428.5 m/s and α2 = 715 m/s and the thickness of top layer 
was about 7 m (Figure 8). We also could have compressional wave velocities 
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from downhole method by calculating the slope of the time-distance curve 
(Figure 9) that are α1 = 461.09 m/s and α2 = 663.7 m/s. 
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Figure 9   Time-distance curve from seismic downhole. 
Setting the input from this result, we got the dispersion curve shown in figure 
10. Comparing to the dispersion curve from field experiment, we found that the 
second layer actually could be detected in frequency range about 10 Hz. In 
frequency range above 25 Hz, we had the groundroll velocity on the top layer 
only. The energy source was probably too weak to penetrate deeper and the 
natural frequency of the geophones might be 30 Hz. 
 
Figure 10   Numerical simulation of dispersion curve with thickness of top layer 7 m. 
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7 Conclusions and Discussions 
By constructing dispersion curves and inverting them, we have shown that 
Rayleigh wave or ground roll can be used to estimate the shear wave velocity 
profiles. Using a seismic refraction method, we have acquired the Rayleigh 
wave data in time domain. The field data should be converted to frequency 
domain to construct dispersion curves.  
For solving the instability of inversion process, we added a priori information to 
limit the unknown parameters. A smoothing parameter is also used to guarantee 
the convergence of inversion procedure and to increase the speed of 
convergence. Besides the numerical stability, the inversion procedure also 
includes the statistical stability by incorporating the uncertainty of the 
observational data. 
We may include the thickness parameter in our inversion procedure, although it 
could affect in instability. We recommend to use different kind of energy 
sources, such as weight drop or dynamite, to acquire data from deeper layer, 
using common shot gather method. The geophones, also, should have lower 
natural frequency than what we used.  
After all, we need a further research to develop this method. It is a good idea 
that we can have both compressional and shear wave velocities from seismic 
refraction method.  
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